Abstract. Let R be a left pure semisimple ring such that there are no nonzero homomorphisms from preinjective modules to non-preinjective indecomposable modules in R-mod, and let W be the left key R-module; i.e., W is the direct sum of all non-isomorphic non-preinjective indecomposable direct summands of products of preinjective left R-modules. We show that if the module W is endofinite, then R is a ring of finite representation type. This settles a question considered in [L. Angeleri Hügel, A key module over pure-semisimple hereditary rings, J. Algebra 307 (2007), 361-376] for hereditary rings.
Introduction
A ring R is called left pure semisimple if it has left pure global dimension zero or, equivalently, if every left R-module is a direct sum of finitely generated modules. It is well known that left and right pure semisimple rings are precisely the rings of finite representation type, i.e. artinian rings with finitely many isomorphism classes of finitely generated indecomposable left and right modules (see [4, 16, 24] ). However it is still an open problem, known as the Pure Semisimplicity Conjecture, whether left pure semisimple rings always have finite representation type (see [19, 27] for historical surveys on the conjecture).
Preinjective modules played an important role in the study of pure semisimple rings (see, e.g., [3, 9, 17, 18, 22, 25, 26, 28] ). Inspired by work of Reiten and Ringel [23] on finite-dimensional tame hereditary algebras, Angeleri Hügel [2] recently introduced and studied a key module W over an indecomposable hereditary left pure semisimple ring R. When R is of infinite representation type, this module W is the direct sum of all non-isomorphic non-preinjective indecomposable direct summands of products of preinjective left R-modules. It was shown in [2] that, in the above situation, W is a finitely generated product-complete module, and moreover W gives important information on the structure of the ring R. For example, no indecomposable direct summand of W can be the source of a left almost split morphism in R-mod, and R is of finite representation type provided the endomorphism ring of W has right Morita duality [2, Proposition 4.7, Theorem 4.11 ]. An interesting question, studied in [2] , is to determine necessary and sufficient conditions on the ring R for which the key module W is endofinite.
In this paper we give an answer to this question for the wider class of the left pure semisimple rings R satisfying the condition that there are no non-zero homomorphisms from preinjective modules to non-preinjective indecomposable modules in R-mod. Our main result shows that the endofiniteness of the key module W is equivalent to R having finite representation type (Theorem 3.6). As a consequence, if such a ring R is not of finite representation type, then W is a finitely generated product-complete non-endofinite left R-module whose endomorphism ring is not right artinian (Remark 3.7).
Definitions and preliminaries
Throughout this paper, R is an associative ring with identity. We denote by R-mod the category of finitely presented left R-modules, and by R-Mod the category of all left R-modules. The corresponding categories of right R-modules are denoted by mod-R and Mod-R.
Let A be a full subcategory of R-Mod and B a full subcategory of A. By Add B (respectively, add B) we denote the class consisting of all modules of A that are isomorphic to direct summands of (respectively, finite) direct sums of modules in B. If B consists of a single module M , we just write Add(M ) and add(M ) instead. A right B-approximation of a module M of A is a homomorphism f : B → M with B ∈ add B such that each map in Hom R (X, M ) with X ∈ add B factors through f .
Let C be a family of finitely generated left R-modules. By ind C we mean any family of representatives of the isomorphism classes of indecomposable summands of modules in C. For a ring R, we simply write R-ind instead of ind R-mod. Recall that, for an indecomposable module M in ind C and N in add C, a homomorphism f : M → N is called a left almost split morphism in add C provided f is not a split monomorphism, and for any module K in add C and any homomorphism g : M → K which is not a split monomorphism, there is a homomorphism h : 
Recall that S is a ring with enough idempotents if there is a family of pairwise orthogonal idempotents {e λ } λ∈Λ in S, so that S = Λ e λ S = Λ Se λ (see, e.g., [15] [21] ).
The following result will be essential in the proof of our main theorem in the next section. 
Proof. See [14, Theorem 10] .
We recall the following definition, following Huisgen-Zimmermann [18] (see also [6] ). If R is left pure semisimple hereditary, then it is well known that an indecomposable module M in R-mod is preinjective if and only if Hom R (M, N ) = 0 for only finitely many non-isomorphic finitely generated indecomposable left R-modules N . We now show that, for left pure semisimple rings, this property can be characterized by the condition stated in the abstract of the paper. The sequence Finally, we recall the construction of the right functor ring of a ring R, following [15] . Let {U λ |λ ∈ Λ} be a complete family of all non-isomorphic finitely presented right R-modules, and set U = λ∈Λ U λ . Let S = {f ∈ Hom R (U, U )|f (U λ ) = 0 for almost all λ ∈ Λ}. The ring S, defined naturally in this way, is called the right functor ring of R. Note that S is a left locally coherent ring with enough idempotents, and there is a full and faithful functor T = U ⊗ R − : R-Mod → SMod, which has a right adjoint. The functor T gives an equivalence between R-Mod and the FP-injective left S-modules, and T (M ) is injective in S-Mod if and only if M is pure-injective in R-Mod. Moreover, T preserves direct sums and direct products and preserves and reflects finitely presented modules.
We refer the reader to [30, Chapter 10] for more basic properties of the functor ring S and the functor T described above, and to [1, 29, 30] for general properties of rings, modules, and categories, and for all undefined notions used in the text.
Main results
Throughout this section, we assume that R is a left pure semisimple ring that satisfies the following condition: (A)
Hom R (X, Y ) = 0 for any preinjective left R-module X and non-preinjective indecomposable left R-module Y .
In view of Proposition 2.4, for such a ring R, each preinjective left R-module has non-zero homomorphisms only to finitely many non-isomorphic indecomposable modules. In particular, left pure semisimple hereditary rings satisfy (A), but not conversely. In fact, non-hereditary rings of finite representation type give obvious examples of left pure semisimple rings that satisfy (A) but are not hereditary.
We start with some notation that will be used throughout this section. Let us denote by C 0 the class of all indecomposable left R-modules which are not preinjective and by C the class of all left R-modules which have no non-zero preinjective direct summands. Let D be the class of all left R-modules that are isomorphic to direct sums of indecomposable direct summands of products of preinjective left R-modules. Motivated by the similar construction in [2] , we define the left key R-module W to be the direct sum of all non-isomorphic non-preinjective indecomposable direct summands of products of preinjective left R-modules. Note that when R is an indecomposable hereditary left pure semisimple ring, as in [2] 
]).
We observe also that a module belongs to D if and only if it is a direct sum of preinjective modules and indecomposable summands of W . We first give some preliminary results. Proof. Suppose first that M is preinjective and C is a module in C. Let 0 → M f → X → C → 0 be a short exact sequence. Then we write X = X 0 ⊕ X 1 , with X 0 a direct sum of preinjective modules, and X 1 ∈ C. By the condition (A), the image of f is contained in X 0 ; hence we may identify C = X 1 ⊕ L, where L is the cokernel of the restriction f : M → X 0 . But this cokernel is an epimorphic image of X 0 and belongs to C; hence it is zero by our assumption. Therefore f is a split monomorphism, and this shows that Ext 
Lemma 3.2. W is a finitely generated product-complete module, and the indecomposable summands of W are precisely the indecomposable modules in
Proof. The fact that W is a finitely generated product-complete module was proven in [13, Corollary 4.8] . The second assertion follows from Lemma 3.1.
When R is hereditary and indecomposable, the following result also follows from [2, Proposition 4.6]. summands since N ∈ C. Thus any indecomposable direct summand of U would be a direct summand of W , which cannot happen by the hypothesis. So we infer that U = 0, and the monomorphism Y → U implies Y = 0, which is a contradiction.
Suppose now that there is a non-zero homomorphism f : W → N and let X be the image of f in N . Starting with the short exact sequence 0 → K → W → X → 0, we consider for each module C ∈ C the exact sequence Ext 
Lemma 3.4. A module X belongs to ⊥ D if and only if it is a direct sum of a module in C and a direct sum of indecomposable left R-modules that are projective and preinjective.
Proof. The "if" part is clear by Lemma 3.1.
For the converse, let X ∈ ⊥ D and let N be an indecomposable direct summand of X which does not belong to C. Then N has to be preinjective. Suppose that N is not projective. Then, by Auslander's theorem [5, Theorem I.3.9] , there is an almost split sequence in R-Mod,
where A ∼ = D(T r(N )). Since this sequence is not split, we have that Ext Proof. Let M ∈ D be a finitely presented module. We apply Theorem 2.2 to the cotorsion pair ( ⊥ D, D). Since it is cogenerated by the set C 0 of indecomposable (finitely generated) non-preinjective left R-modules, we know that there is an exact sequence, 0 → K → X → M → 0, with X ∈ ⊥ D and K ∈ D. By Lemma 3.4 and the definition of W 1 , we have X = X 0 ⊕ X 1 , where X 0 ∈ Add(W 1 ) and X 1 ∈ C has no direct summands in D. Since K ∈ D and there are no non-zero homomorphisms from modules in D to X 1 by Proposition 3.3, we have that the image of K is inside X 0 . Thus X 1 is isomorphic to a direct summand of M . If X 1 = 0, then X 1 would have a direct summand in D, which is contrary to our assumptions. Hence X 1 = 0, and X = X 0 belongs to Add(W 1 ).
In particular, for every finitely presented module N ∈ D there is an epimorphism Z → N where Z is a finitely presented module of Add(W 1 ); hence Z ∈ add(W 1 ). Now, let X = i∈I X i and K = j∈J K j be indecomposable decompositions, and set K F = j∈F K j for each finite subset F ⊆ J. Since D is closed under direct summands and finite direct sums, we have K F ∈ D. As K is the direct union of its submodules K F , we have that
Since M is finitely presented, the functor Hom R (M, −) commutes with direct limits, and hence M is isomorphic to a direct summand of X/K F for some F . But then M is isomorphic to a direct summand of a module of the form ( i∈F 1 X i )/K F , where F 1 is a finite subset of I, because M is finitely generated. Therefore, we conclude that there is a left R-module N so that
We may thus suppose that We are now ready to prove our main result. Proof. If R is of finite representation type, then it is well known that every left (or right) R-module is endofinite (see [20, Theorem 6] ).
For the converse, suppose that W is endofinite. If W = 0, this would mean that any direct product of preinjective modules in R-mod is a direct sum of preinjective modules. Therefore, R is of finite representation type by [18, Corollary B] (cf. also [13, Corollary 3.12] ).
Thus, we now assume that W is non-zero. We will get a contradiction by following several steps. Let S be the right functor ring of R. We know that S is left locally noetherian [30, 53.7] and that there is a full and faithful functor T : R-Mod → S-Mod such that T (M ) is injective as a left S-module for every module M in R-Mod. Let W 1 be the module as in Proposition 3.5.
(1) W 1 is a finitely presented endofinite module. 
If N is finitely W 1 -presented, then there is an exact sequence
Since the functor T is additive and right exact, we get the corresponding exact sequence in S-Mod,
Conversely, let there be given an exact sequence in S-Mod,
Since T is an additive full functor, we have that there is a homomorphism a : W
for some M which is finitely W 1 -presented. Then M ∈ D by Proposition 3.3 and assumption (A). Therefore M is a finite direct sum of preinjective modules and direct summands of W , and hence M is endofinite, as shown in (1). Then T (M ) is also endofinite, by [8, 3.6 
We know that L is finitely generated and hence finitely presented because S is left locally noetherian. Thus L embeds in a module of the form T (N ) for N a finitely presented left R-module by [8, 3. We use Proposition 2.1, applied to the left locally coherent ring S and to the injective left S-module T (W 1 ). We know that the hypotheses of the proposition are satisfied by points (1), (3) and (4). The conclusion is that T (W 1 ) has an essential socle. Therefore, if M is any indecomposable direct summand of W , then T (M ) has an essential socle, which implies that M is the source of a left almost split morphism in R-mod, by [11, Lemma 2.4] .
Finally, we have reached the contradiction, because W = 0 and we know that each indecomposable direct summand of W is not the source of a left almost split morphism in R-mod, by [13, Corollary 4.8] .
We conclude the paper with the following. . Combining this result with our Theorem 3.6, we deduce that the class M is closed under direct limits precisely when R is of finite representation type.
(b) Let R and W be as in Theorem 3.6, and suppose R is not of finite representation type. Then, by combining Theorem 3.6 with Proposition 2.4 and [13, Theorem 4.12], we obtain a complete description of the module W as follows: W is a finitely generated product-complete non-endofinite left R-module, and the endomorphism ring S of W is not right artinian, because W is finitely presented over its endomorphism ring [21, Proposition 3.9] . Moreover, if f k : M k → I k are the minimal right C-approximations of all the indecomposable injective left R-modules, then the indecomposable summands of W are precisely the indecomposable summands of M k and of the kernels Ker(f k ).
